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  �.��- ا��
ر�ن ا����

 

  ا�)زء ا�ول :

  


	��ن أن ا
دا
�      -أ )1h  �
�� ا
���ن � �����1: 


د�	� :    ( )1 1h =  

)و
د�	� :                               )
1 1 1
1 1 1

1 1 1
lim lim lim 1

lnln

1
x x x

x x x

x
h x

xx x x

x
> > >
→ → →

−= = × =

−

  

�ن :    
1
1

lim 1
x

x
x

>
→

و  =
1
1

ln
lim 1

1x
x

x

x>
→

=
−

  

)��� أن :     ) ( )
1
1

lim 1
x

x
h x h

>
→


�� ا
���ن ��  hا
دا
� � ن     = �����1  

    -  ب

]	$��ر ا
دا
�  ا
�$ر�� 
�� ا
�,�ل   � [1,+∞  : ��� ���( ): ln 1U t t t− +֏  


د�	� :  ( ) 1 1
' 1

t
U t

t t

−= − =  

  

1
د�	� : t ]ا
�,�ل  �	����0 
��  Uو    ≤ [1,+∞  

]إذن :  [( ) ( ) ( )1, 1t U t U∀ ∈ +∞ ≤  

[إذن :  [( ) ( ) ( )1, 1t U t U∀ ∈ +∞ <  

[إذن :  [( ) ( )1, ln 1 0t t t∀ ∈ +∞ − + <  

[و �	& :   [( ) ( )1, ln 1t t t∀ ∈ +∞ < −  


�#ن  �] [1,x ∈ +∞  : 
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( )

( ) ( )( )
( )

( ) ( ) ( )( )
( )

( )

( )

2

2

2

2

1
' '

ln

1 ' ln 1 ln '

ln

ln 1 ln 1

ln

ln ln ln 1

ln

ln 1

ln

x
h x

x x

x x x x x x

x x

x x x x

x x

x x x x x x

x x

x x

x x

− =  
 

− − −
=

− − +
=

− − + +=

− +=

  


ذ�	� : ] [( ) ( )1, ln 1 0x x x∀ ∈ +∞ − + [و     > [( ) ( )( )2

1, ln 0x x x∀ ∈ +∞ >  

[إذن :  [( ) ( )1, ' 0x h x∀ ∈ +∞ <  

 �
[�	����0 0ط$� 
�� ا
�,�ل  hو�	& ا
دا [1,+∞  

  

)                       -أ )2 ) 1 1 1
lim lim lim 0

ln lnx x x

x x
h x

x x x x→+∞ →+∞ →+∞

− −= = × = 

�ن :     
1

lim 1
x

x

x→+∞

− )و     = )
1

lim 0
lnx x→+∞

=  

      �
  : h,دول ��8رات ا
دا

  


د�	� :  -ب           [ [( ) ( ) ( ) ] ]1, lim , 1 0,1
x

h h x h
→+∞

 +∞ = =
 

  

]إذن :                   [( ) ( )1, 0 1x h x∀ ∈ +∞ < ≤
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  ا����
 :ا�)زء 

1
�#ن  -أ )1x >  : 

( )

( )( ) ( )( )
( )( ) ( )( )

( )

2 2

2

2

2

1

1

ln ln

ln'

ln

ln ln

ln ln ln ln

ln 2ln ln ln

2ln
ln

ln

ln 2

x x

x x

x

x

x

x

tdt dt
t t t

t
dt

t

t

x x

x x

x

x

=

=

=   

= −

= −

 =  
 

=

∫ ∫

∫

  

1
�#ن   -بx 
د�	� :  <  :  

( )
2 2

2

2

2

1 1
ln 2

lnln

1 1

lnln

1

ln ln

1

ln

x x

x x

x

x

x

x

x

x

g x dt dt
t tt t

dt
t tt t

t
dt

t t t t

t
dt

t t

− = −

 = − 
 

 
= − 

 

−=

∫ ∫

∫

∫

∫

  

)و �	& :         ) ( )
2 1

1 ; ln 2
ln

x

x

t
x g x dt

t t

−∀ > − = ∫  


د�	� :  -ج ( ) ( )
2 1

1 ; ln 2
ln

x

x

t
x g x dt

t t

−∀ > − = ∫  

      :;	u t=  


د�	� :      
2

t x u x

t x u x

 = → =
 

= → = 
  

و       
1 1

22

du

dt ut
= 2dtإذن :     = udu=  
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( ) ( )

( )

( )

( )

2 2

2

1
ln 2 .2

ln

1
.2

.2ln

1

ln

1

ln

x

x

x

x

x

x

x

x

u
g x udu

u u

u
udu

u u

u
du

u u

t
dt

t t

−− =

−=

−=

−=

∫

∫

∫

∫

  


د�	� : -أ )2 ( ) ( ) ( )1
1 ; ln 2

ln

x x

xx
h t dt

t
x g x dt

t t
=−∀ > − = ∫∫ 

1
�#ن    x xو   < t x≤ ≤    


د�	� :  ا
دا
� �	����0 0ط$� 
�� ا
�,�ل    ] [1,+∞  

)إذن :     ) ( ) ( )h x h t h x≤ ≤  

)إذن :     ) ( ) ( )x x x

x x x
h x dt h t dt h x dt≤ ≤∫ ∫ ∫  

)إذن :     ) ( ) ( )x x x

x x x
h x dt h t dt h x dt≤ ≤∫ ∫ ∫  

)و �	& :     ) ( ) ( ) ( ) ( ) ( )1 ; ln 2x x x h x g x x x h x∀ > − ≤ − ≤ −  


	درس ��0��� ا/�.�ق  -بg  �1
�� ا
���ن �  :  

                                       
( ) ( ) ( )

1 1
1 1

1 ln 2
lim lim

1 1x x
x x

g x g g x

x x→ →
> >

− −
=

− −
  


د�	� :     ( ) ( ) ( ) ( ) ( ) ( )1 ; ln 2x x x h x g x x x h x∀ > − ≤ − ≤ −  

)إذن :      ) ( ) ( ) ( ) ( ) ( )ln 2
1 ;

1 1 1

x x x xg x
x h x h x

x x x

− −−
∀ > ≤ ≤

− − −
  

)إذن :      ) ( ) ( ) ( )ln 2
1 ;

11 1

g xx x
x h x h x

xx x

−
∀ > ≤ ≤

−+ +
  


ذ�	� :   ( )
1
1

1
lim

21x
x

x
h x

x→
>

=
+

)و        )
1
1

1
lim

21x
x

x
h x

x→
>

=
+

  

إذن *)ب ��رھ	� ا
درك :   
( ) ( )

1
1

1 1
lim

1 2x
x

g x g

x→
>

−
=

−
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   �
) و 
د�	� :  ��01�� 
!/�.�ق 
�� ا
���ن ��   gو �	&  ا
دا )' 1
1

2
dg =  

    -ج


د�	� :  �( ) ( ) ( ) ( )1 ; ln 2x x x h x g x∀ > − ≤ −  

)إذن :                  ) ( ) ( ) ( )1 ;ln 2x x x h x g x∀ > + − ≤  

)إذن :                    ) ( ) ( )1
1 ;ln 2

ln

x
x x x g x

x x

−∀ > + − ≤  

)إذن :                   ) ( )
1

1
1

1 ;ln 2 1
ln

xx g x
xx

x

−
 ∀ > + − ≤    

 
 

  


ذ�	� :               

1
1

1
lim ln 2 1

lnx

x
xx

x

→+∞

−
 + − = +∞    

 
 

)و �	&     )lim
x

g x
→+∞

= +∞  


د�	� :  �( ) ( ) ( ) ( ) ( ) ( )1 ; ln 2x x x h x g x x x h x∀ > − ≤ − ≤ − 

)إذن :  ) ( ) ( ) ( ) ( )
1 1

1 ; ln 2
ln ln

x x
x x x g x x x

x x x x

− −∀ > − ≤ − ≤ −  

)إذن :   ) ( )
( )

ln 2 1 1 1 ln 2 1 1 1
1 ; 1 1 1

ln ln

g xx
x

x x x x xx x x x

−    ∀ > + − × ≤ ≤ + − −    
    

  


د�	� : 
ln 2 1 1 1

lim 1 0
lnx

x

x x xx→+∞

− + − × = 
 

)و  )
ln 2 1 1 1

lim 1 1 0
lnx x x x x→+∞

  + − − =  
  

  

إذن *)ب ��رھ	� ا
درك : 
( )

lim 0
x

g x

x→+∞
=  

  ا�)زء ا����ث :

I.   

1(  �
)	$��ر ا
دا ): 1k x g x x− +a  

� k  ل�,�

�� ا �����[ [1,+∞ 

�  
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( )

( ) ( ) ( ) ( )

( )
( )

2

2

2 2

' '( ) 1

1
' 1

ln

1 1
' ' 1

lnln

1 1
2 1

2 ln ln

1 1
1

ln ln

1
1

ln

1 1
1

2 ln

1
1

2

x

x

k x g x

dt
t t

x x
x xx x

x
x x x x

x x x

x

x x

x

x x

h x

= −

 = − 
 

= × − × −

= × − −

= − −

−= −

−= × −

= −

∫

  


د�	� :      ( )0 1h x< ≤    

)إذن :       )1 1
0

2 2
h x< ≤  

)إذن :       )1 1
1 0

2 2
h x

−− ≤ <  

)و �	& :       )' 0k x <  

     �
��
]�	����0 0ط$� 
�� ا
�,�ل  kو �� [1,+∞  

]����� و �	����0 0ط$� 
�� ا
�,�ل  ���k أن  � ]�.��ل �ن  k� ن  ∞+,1] ]	*و   ∞+,1] [( )1,k +∞ 

]�*�ث :  [( ) ( ) ( ) ] ]1, lim , 1 ,ln 2
x

k k x k
→+∞

 +∞ = = −∞
 

  


د�	� :  )2k  ل �ن��.�[ ]	*و   ∞+,1] [( ) ] ]1, , ln 2k +∞ = −∞  

]و ��� أن  [( ) ] ]0 1, , ln 2k∈ +∞ = )و*�د �*�ث :  α� 	& �و,د  ∞− ) 0k α =  

)و*�د �*�ث :  αإذن �و,د  ) 1 0g α α− + =  

)و*�د �*�ث :  αو �	& �و,د  )1 g α α+ =  

II.  : �	د�

0

1 u α≤ )و  > ) ( )1
0 1n nn u g u+∀ ≥ = + 


	��ن ��
�ر,: أن :   -أ )1( )0 1 nn u α∀ ≥ ≤ < 

�0nن أ,ل  � 
د�	� : :  =
0

1 u α≤ < 


�#ن  �n ∈ℕ 
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��رض أن  •	1
n

u α≤ < 

و 	��ن أن  •
1

1 nu α+≤ < 


د�	� g  راض���1زا�د��  0ط$� و *)ب ا= nu α≤ <  

) إذن :   ) ( ) ( )1
n

g g u g α≤ <  

)إذن :  ) ( ) ( )1 1 1 1
n

g g u g α+ ≤ + < +  

إذن : 
1

1 1 ln 2
n

u α+≤ + ≤ <  

�  : >�	�(	( )0 1
n

n u α∀ ≥ ≤ < 

 


�#ن   -بn ∈ℕ  

                                ( ) ( )1
1n n n n nu u g u u k u+ − = + − =  

1
د�	� *)ب 	��,� 
)ؤال ا
)��ق        nu α≤ <  �
  �	����0 0ط$�  kو ا
دا

)إذن       ) ( ) ( )1nk k u kα < ≤  

)إذن :       )0 nk u<          ن� )( ) 0k α =  (  

إذن      
1

0 n nu u+< 
#ل   −n  ن�ℕ  

      ��
����
)و �	& ا )
0n n

u
≥

  �زا�د�� 0ط$� 

  

  - ج  

)��� أن      � )
0n n

u
≥

 �زا�د�� و �#�ورة � 	?� ��.�ر��  

�  �
)	$��ر ا
دا ): 1x g xϕ +a    )( ) ( )' ' 0x g xϕ = > ( 


د�	� : 
[ ]

( )
0

1

1,

n n

u

u u n

α
ϕ+

 ∈
 = ∈ ℕ

  

• ϕ  ل�,�

�� ا �����[ ]1,α 

• [ ]( ) ( ) ( ) [ ] [ ]1, 1 , 1 ln 2, 1,ϕ α ϕ ϕ α α α= = + ⊂   

• ( )
0n n

u
≥

 ��.�ر��  

)إذن 	?���  )
0n n

u
≥

  �
)ھ� *ل 
��$�د )x xϕ =  

( ) ( )1x x g x x

x

ϕ
α

= ⇔ + =
⇔ =

  

limو �	& : 
n

n
u α

→+∞
=  

  


�#ن   -أ )2n ∈ℕ 

�  ϕ  ل�,�

�� ا �����[ ],
n

u α 

� ϕ ل�,�

3/�.�ق 
�� ا ����0] [,
n

u α 

[�ن  ncإذن *)ب ��رھ	� ا
�زا�دات ا
�	�?�� �و,د  [,
n

u α  : ث�*�  
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( ) ( ) ( ) ( )' .
n n n

u c uϕ ϕ α ϕ α− = −  

)إذن :  ) ( ) ( ) ( )' .
n n n

u g c uϕ ϕ α α− = −  

)إذن :  ) ( ) ( )' .n n nu g c uϕ ϕ α α− = −  

)إذن :  )1

1
' . .

2
n n n nu g c u uα α α+ − = − ≤ −  

)و �	& :  ) 1

1
0

2
n nn u uα α+∀ ≥ − ≤ −  

  

    -ب

�0nن أ,ل  � 
د�	�  = :
0

0 0

1
.

2
u uα α − ≤ − 

 
 


�#ن  �n ∈ℕ : 

��رض أن  •	
0

1

2

n

n
u uα α − ≤ − 

 
 

و 	��ن أن  •
1

1 0

1

2

n

n
u uα α

+

+
 − ≤ − 
 

 


د�	� *)ب 	��,� ا
)ؤال ا
)��ق : 
1

1

2
n nu uα α+ − ≤ −   ( )a  

و *)ب ا=��راض 
0

1

2

n

nu uα α − ≤ − 
 

  

إذن : 
1

0

1 1

2 2

n

nu uα α
+

 − ≤ − 
 

   ( )b  

)�ن  )a  و( )b  : >�	�(	
1

1 0

1

2

n

nu uα α
+

+
 − ≤ − 
 

  

�  : >�	�(	( ) 0

1
0

2

n

nn u uα α ∀ ≥ − ≤ − 
 

 

 


د�	� *)ب 	��,� ا
)ؤال ا
)��ق :   - ج ( ) 0

1
0

2

n

n
n u uα α ∀ ≥ − ≤ − 

 
  

و                 
0

1
lim 0

2

n

n
u α

→+∞

  − = 
 

( �ن :     
1

1 1
2

− < <  (  

limإذن                    0n
n

u α
→+∞

− limو �	& :   = n
n

u α
→+∞

=.  

  

つづく 


